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The results of this paper relate the dynamics of a continuous map f of the circle and the 
topology of the inverse limit space with bonding map f: When the dynamics off are “chaotic” 
the inverse limit space contains indecomposable subcontinua. The converse is also true if f has 
finitely many turning points. 
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Introduction 
In this paper we correspond certain dynamical properties of maps of the circle 
with the existence of indecomposable continua in the associated inverse limit spaces. 
Our results parallel those of [l]. The theme of this work is that complicated, or 
“chaotic”, dynamics of a circle map is reflected in complicated topology in the 
inverse limit space. The converse is also true if the circle map has finitely many 
turning points. 
One reason for our interest in these results is that the inverse limit space of a 
circle map of degree *l can be embedded in an annulus in such a way that the 
shift homeomorphism on the inverse limit space extends to a homeomorphism (even 
a diffeomorphism in certain nontrivial cases) of the annulus having the inverse limit 
space as an attractor. There is then a correspondence between the dynamical 
properties of such an annulus homeomorphism and the topology of its attractor. 
Although it is generally more difficult to ascertain the exact topological structure 
of the inverse limit space of a given circle map than it is to determine whether that 
map has certain dynamical properties, there are situations in which indecomposabil- 
ity of the inverse limit space is fairly obvious so that some not so apparent dynamical 
properties of the map can be easily inferred. 
Also, it is reasonable to hope that these results will prove to be useful in obtaining 
relationships between purely dynamical properties of circle maps as has been the 
case for the corresponding work on interval maps (e.g., [5]). 
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The body of this paper is in two sections. In Section 1, our basic tool (Theorem 
1.1) for studying inverse limit spaces of circle maps is stated. Theorem 1.1 is an 
extension of a theorem of Bing to the nonchainable continua under consideration. 
Section 2 contains applications of Theorem 1.1 to the relationship between the 
topology and dynamics of circle maps. In the remainder of this introduction we set 
some terminology and notation. 
By a continuum we mean a compact, connected metric space. Given a continuum 
X with metric d and a continuous function f: X +X, the associated inverse limit 
space (X, f) is defined by 
(X,f)={~=(x~,x,,. ..)If(x,+,)=x, for n=O, 1,2,. ..} 
with metric d given by 
O” dbn,Yn) 
cay)= c 2” . 
n=O 
Then (X,f) is itself a continuum. The induced map T: (X,f)+ (X,f) defined by 
?((%, Xl 7 x2,. . .)) = u-(x0), x0,x1,.-. ) is a homeomorphism of (X,f) onto (X, f). 
Finally, the projections r,, : (X, f) + X given by n”((xo, x, , . . .)) = x, are continuous 
and satisfy: 
rr,, of=f 0 r,, and rr,,+,oj= rr,,. 
The continuum X is decomposable if there are proper subcontinua H and K of 
X such that X = H u K. Equivalently, X is decomposable if X has a proper 
subcontinuum with nonempty interior. If X is not decomposable it is indecompos- 
able and X is indecomposable if and only if there are points x, y, and z in X such 
that no proper subcontinuum of X contains any two of these points (see [6]). 
1. Theorem 1.1 
Let f: S’ + S’ be continuous and let (S’, f) be the associated inverse limit space. 
Given x E (S’, f) let g, = n M, the intersection being over all subcontinua M of 
(S’, f) which contain interiorly a subcontinuum containing x in its interior. Let 
G=k,ixdS',f)l. S ince f: (S’, f) + (S’ , f) is a homeomorphism, it is clear from 
the definition of G that 1: G+ G by j(g,) =$(g,) = gjCx’ is well defined. A proof 
of the following theorem can be found in [7]. 
Theorem 1.1. Iff: S’ + S’ is a continuous surjection and (S’, f) contains no indecom- 
posable subcontinuum with nonempty interior, then G is an upper semicontinuous 
decomposition of (S’, f) into disjoint subcontinua such that 
(a) G, with the quotient topology, is homeomorphic with S’, 
(b) g, has eypty interiortr each x E (S’, f ), and 
(c) the map f: G -+ G by f (g,) = gtcx, is a homeomorphism. 
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Note. If f is not surjective, then (S’, f) = (J, f) where J = n,,, f "(S') is an arc. 
In this case, assuming there are no indecomposable subcontinua in (S’,f) with 
nonempty interior, the decomposition space G is an arc [2]. 
2. Applications 
In this section we apply Theorem 1.1 to uncover some of the relationships between 
the dynamics of circle maps and the topology of their inverse limit spaces. 
Theorem 2.1. If the continuous map f: S' + S’ has periodic points of periods m and n 
and m/n is not a power of 2, then there is an indecomposable subcontinuum in the 
inverse limit space (S’, f ). 
Proof. If f is not onto let J = n nzO f "( S’). Then J is a closed interval in S’, f (J) = J, 
and the inverse limit spaces (S’, f) and (J, f I,) are identical. In this case, f I_, : J + J 
is an interval map having a periodic point of period not a power of two so that [l, 
Theorem l] (J, f IJ) and hence (S’, f) has an indecomposable subcontinuum (and 
this subcontinuum is invariant under some power of 1). 
Suppose that f is a surjection, that m < n, and that n # 2km for k = 0, 1,2,. . . . 
Let h =f”. Then (S’, h) is homeomorphic with (S’, f ). By hypothesis, h has a fixed 
point x and a periodic point y of period not a power of two. If (S’, f) (and hence 
(S’, h)) does not have an indecomposable subcontinuum with i;terior, then the 
decomposition of Theorem 1.1 applies to (S’, h) and the map h : G + G of that 
theorem is a homeomorphism of the circle G. Let x = (x, x, . . .) and y = (u, . . . , y, . . .) 
be points in (S’, h) with y periodic of period not a power of two under h: If g, and 
g, are the corresponding ekments $ the decomposition G of (S’, h), then i(g,)*= g, 
and g, is periodic under h. Since h is a homeomorphism of the c$-cle G and h has 
a fixed point, the period of g,, must be one or two. In any case, h2(g,,) = g, so that 
p maps g,, onto g,. Since g, is a proper subcontinuum of (S’, h), invariant under 
h A2, r,,(g,)-= I is a proper closed interval in S’, h*(I) = I, and g, is homeomorphic 
with the inverse limit space (I, h2/,). Furthermore, y E I is periodic under h* of 
period not a power of two. Thus [ 1, Theorem l] (1, h21,), and hence (S’, f ), has 
an indecomposable subcontinuum (invariant under some power of 7). 0 
Amapf:X+XofaspaceXis transitiveifforsomexEX theorbit{f”(x)InaO} 
is dense in X. [ 1, Theorem 31 shows that the inverse limit space of a transitive map 
of the interval is either indecomposable or is the union of two indecomposable 
subcontinua. The same theorem is not true on the circle (consider irrational rotation) 
but there is an analogous result. 
A map f: X + X of a space X is topologically mixing if given any nonempty open 
sets U, VcXthereisanN~Osuchthatf”(U)nV#0foralln~N. 
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Theorem 2.2. Suppose that the continuous map f: S’ + S’ is topologically mixing. Then 
(S’, f) is indecomposable. 
Proof. Assume that (S’,f) is decomposable. According to [5, Theorem C], f” is 
transitive for all n > 0 and there is an m 2 1 and an odd k > 1 such thatf has periodic 
points of periods m and km. The proof of Theorem 2.1 then shows that either (S’, f ) 
has a proper indecomposable subcontinuum with interior, call it H, or (S’,f) has 
a proper indecomposable subcontinuum, say K, that is invariant under some power 
ofj 
Since f is transitive, T is also transitive so that, in the first case, there is an 
x~int(H) and an N>O such that j”(&)~int(H). ConsiderjN(H)n H. This has 
at most two components ( T,(_?~(H)) n T,,(H) has at most two components for 
each n >O) at least one of which must have nonempty interior. But then this 
component is a subcontinuum with nonempty interior of the indecomposable H 
and so must be all of H. Thus p”(H) 1 H. Since fN (H) is also indecomposable, 
j-(H) = H. 
We have, in any case, that (S’,f) contains a proper nontrivial subcontinuum L 
(the H or K above) that is invariant under jN for some N > 0. Since L is proper 
and nontrivial there is a k 2 0 such that rrk( L) is a nontrivial proper interval in S’. 
The invariance of L under f ” implies thatfN(7rk(L))=rk(L). But thenfN is not 
transitive, contradicting the above cited theorem of Coven and Mulvey. Thus (S’,f) 
is indecomposable. q 
A point x E X is said to be nonwandering under the continuous map f: X + X if 
for each neighborhood U of x there is an n > 0 such that f "( U) n U # 0. If p E X 
is periodic under f of period k and x E X, x # p is such that lim,,, f k"(~) = p and 
there exist x, E f -"({x}) such that lim,,, x, =p, then x is said to be homoclinic 
to p. 
In [l, Theorem 41 it was proved that if a continuous map of the interval has a 
homoclinic point, then the inverse limit space has an indecomposable subcontinuum. 
The example f(x) = x*(mod 1) shows that the same result does not hold on the 
circle. Theorem 2.4 is the analogous result for circle maps. 
The following lemma will be used in the proof of Theorem 2.4. 
Lemma 2.3. Let f : J + J be a continuous map of the interval J = [p, q] with f(p) = p. 
If x E J is nonwandering under f, x # p, and lim,,, f "(x) = p, then x is homoclinic 
to p. 
Proof. If p < y < x, then f([ p, y]) contains [p, y] in its interior for otherwise 
f([P,Yl)cb,Yl (sincef(p)=p) in which case, letting N be large enough so that 
f N (x) E [p, y) and U a small enough neighborhood of x so that f k( U) n U = 0 for 
k-1,2,..., N - 1 and f "( U) c [p, y), we would have f "( U) n U = 0 for all n z 1 
contradicting the assumption that x is nonwandering. 
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Thus we may inductively define x,‘s with x0 = x and x,+, = min{y If(y) = x,}. We 
see that p <x,+, < x, andf(x,,+,) = x, for all n z 0. Let r = lim,,, x,. Then p d r < x, 
for all n 2 0. If r # p, then f([ p, r]) contains [p, r] in its interior so that, for a 
sufficiently large n, there is a y, y < r < x,,,~, such that f(y) = x,, contradicting the 
choice of x,,, . Thus lim,,, x, =p and x is homoclinic to p. 0 
Theorem 2.4. If the continuous map f: S’ + S’ has a nonwandering homoclinic point, 
then the inverse limit space (S’, f) contains an indecomposable continuum. 
Proof. If f is not onto, then f: J + J, J = n,,, f “(S’), is a map of the interval J 
with a homoclinic orbit. Then (S’, f) = (J, f) contains an indecomposable continuum 
by [l, Theorem 41. Also, if O(x) = {f “(x) 1 n 3 0) is finite f has periodic points with 
periods m and n with m/n not a power of 2 [4, Theorem B+]. In this case (S’, f) 
contains an indecomposable subcontinuum by Theorem 2.1. Thus we assume that 
O(x) is infinite and f is a surjection. 
Let x be nonwandering and homoclinic to p. In case O(x) is infinite, x is 
nonwandering under f n for each n 2 1 [4, Lemma 31. Thus, since (S’, f) is homeo- 
morphic with (S’, f “), we may assume that p is fixed by f: 
Let x0=x, and let x = (x,, x,, x2,. . .) and p = (p, p,p, . . .) be points in (S’, f) 
with lim,,, x, = p. Suppose that (S’, f) contains no indecomposable subcontinua 
$nd let G = {g, 1 y E (S’, f )} be the decomposition givzn by Theorem 1.1. Then 
f(g,) = gP and either g, is homoclinic to g,, in G under f or g, = gp. If g, = g,,, then 
x E g,, so-that x,, E r,,(gp) = rO(gp) for all n 30. Let J=r,(g,,). Then f(J)=J, J is 
an interval, and x E J is- homoclinic to p under f Il. By [ 1, Theorem 41, (J, f IJ), and 
hence (S’, f), contains an*indecomposable subcontinuum. So it must be the case 
that x&g,. Now since f: G+ G is a homeomorphism of the circle G with 
fixed poi?t gp and homoclinic point g, it must be the case that g,, is homoclinic to 
~~ under f for all g,, E G, g, # g, . In particular, every periodic point in (S’, f) under 
f must be in gp and thus every periodic point in S’ under f must be in J = r,Jg,). 
If J is trivial, that is, if g,, = {p}, then p is the only periodic point off and hence 
the only nonwandering point off [4, Theorem C]. But then x is wandering. Thus 
p E J = r,(g,,), f(J) = J, and J is a nontrivial closed interval. If p is not an endpoint 
of J, then, since x, +p as n + 00, x, E J for sufficiently large n. But then x, E J 
and f”(x) E J for all n 2 0 so that x is homoclinic to p under f IJ and again by 
[l, Theorem 41, (S’, f) contains an indecomposable subcontinuum. Thus p is an 
endpoint of J. Let J = [p, q]. 
Suppose now that f”(x) CT! J for all n 2 0. Then x, E J for all n 2 0 (f(J) = J). Let 
L=cl(S’-J)=[q,p]. Since x,+p and f”(x)+p as n+co we may pick an n large 
enough so that x < x, and x < f “(x) in [q, p]. Then f “(x,) = x <x, and f”(x) > x 
so there is a point fixed by f n between x and x,. But, as previously noted, all 
periodic points off must be in J. 
Thus we are reduced to the case: f”(x) E J for some N 2 0. In this case, since 
O(x) is infinite, f”(x) E int( J) for some N 2 0. But then f N (x) is nonwandering 
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under flJ. But then, by Lemma 2.3, f”(x) is homoclinic to p under fl, so that 
(J,fl_,) and hence (S’,f) contains an indecomposable continuum [ 1, Theorem 
41. 0 
The rest of this section is devoted to obtaining a partial converse to Theorem 2.1. 
The function f: S’ + S’ will be called organic if for any 8, y E (S’,f) such that if 
(S’,f) is irreducible between x and v (that is, no proper subcontinuum of (S’,f) 
contains both x and y), there is an integer N with f”([~~(x), n,,(y)]) = S’ for all 
n 2 N. In the above definition and in what follows, [a, b] denotes the minimal closed 
arc in S’ from a to b with respect to a fixed orientation on S’. The function f will 
be called inorganic if it is not organic. 
Lemma 2.5. Let f: S’ + S’ be continuous, onto, inorganic, and such that (S’, f) is 
indecomposable. Then there is a point a E S’ such that f -‘(a) = {a}. 
Proof. Let x = (x,, x1, . . .) and y = (y,, y, , . . .) be points in (S’, f) such that (S’, f) 
is irreducible between x and y and for which there is no N 2 0 such that f “([x,, y,,]) = 
S’ for all n 3 IV. Let A = {n; Z+l f “([x,, yn]) # S’ and f “([x,, y,,]) 2 [x0, yO]}. If A 
is not infinite, then the set {n E Z+I f “([x,, y,]) # S’ and f “([x,, y,,]) 1 [y,,, x0]} is 
infinite. Without loss of generality, assume that A is infinite. If there exist ni, n, E A 
with ni s nj such thatf “I-“g([x,, y,,,l) 1 [Y,,, ~~~1, thenf “4x,,, y,l) xf “l([y,,,, x,,l) 1 
[y,, x,] since f is onto and f “‘([x,,, y,,]) P [y,,, x,]. But since nj E A, f “I([x,,, y,]) = 
[x,, yO]. Therefore f “i([x,, y,]) = S’. This contradiction shows that for any 
Hi, njEA, ni s n,, f “I-“z([x,, ~~~1) If nl([x,,, v”,l). For ni E A let J,, = 
U”,~n,,n,EA s”I-“‘([x,. Y,]). Then A, is connected and so cl(J,,) is a subcontinuum 
of s’. 
For n E Z? let ni be the least element of A such that n < ni and let J, = f “-“(J,,). 
Then cl(J,,) is a subcontinuum of S’ and f(J,,+,) =.I,,. Define J= 
{(zo, Zl, . . . ) I &I E cl(Jn), zn =f(zn+, )}. Then J is a subcontinuum of (S’, f) containing 
x and y. Thus J = (S’, f ). Since f is onto we have n,,(J) = cl(J,,) = S’. 
Suppose for some n that J,, = S’. Let ni be the smallest element of A such that 
ni 3 n. Then f “-“(J,,) = J,, = S’. But J,,, is the union of nested intervals so there is 
an n, E A, nj 2 ni such that f “1-“(f niPnf([x,,, y,])) = S’, but then f “I([x,, y,J) = S’. 
This contradicts the definition of the set A so J, # S’ for any n. But J,, is connected 
and cl(J,,) = S’ so for each n there exists exactly one point a, E S’ such that a, & J,,. 
Thus f -‘(a,) = {a,,,}. 
If u, f a,+,, then consider _a = (a,, a,, uz, . . .) and _b = (a,, a*, . . .) where the ai’s 
are the unique points of S’ found above. Then _a and _b are in (S’, f) and f ([ ui, ai+,]) 
is one of either [ai-,, ai] or [ai, uiPl] and f([ui+,, ai]) is the other. Let 
and 
K = {(%I, Zl, . . .) I ZoE [a,, all, z, =f(z,+,)I 
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Then K and L are proper subcontinua of (S’,f) with K u L = (S’,f). But this 
contradicts the indecomposibility of (S’, f ) and so f -‘( a,) = {a,}. 0 
Theorem 2.6. Suppose f: S’ + S’ is continuous, organic, and (S’, f) is indecomposable. 
Then f has points of period m and n such that m/n is not a power of 2. 
Proof. Since (S’, f) is indecomposable there are points z, y, and _z in (S’, f) such 
that (S’, f) is irreducible between any pair of these points (see [6, pp. 139-1411. 
Since f is organic there is an n such thatf “([x,, y,,]) = f “([y,, z,]) = f “([z,,, x,]) = S’ 
where it is assumed that notation has been chosen so that each pair of [x,, yn], 
[y,,, z,], and [z,, x,] has at most one point in common. Then, as shown by Block 
[3, Lemma 11, each one of these intervals f “-covers at least two of the three intervals 
(If “-covers J if there is a subinterval K c Z such that f “( K) = J). Then the associated 
digraph off n has a subgraph of one of the following 
I, 7 Z 2 or I-J3 
forms: 
In either case there exist x, y E S’ such that f ‘“(x) = x, f”(x) # x, and f’“(y) = y. 
f n then has a point of period 3 and a point of period 1 or 2. Then f has points of 
period m and k such that m/k is not a power of 2. 0 
The map f: S’ + S’ is said to have finitely many turning points if there is a finite 
set A c S’ such that f is monotone on each component of S’ -A. [ 1, Example 41, 
taken mod 1, shows that the hypothesis of finitely many turning points is necessary 
(but only for inorganic maps) in the following theorem. Note also that not every 
map with finitely many turning points is organic ([ 1, Example 51 taken mod 1). 
Theorem 2.7. Suppose f: S’ + S’ is continuous, onto, and has finitely many turning 
points. Then zf (S’, f) is indecomposable, f has points of period m and n such that 
m/n is not a power of 2. 
Proof. If f is organic, then Theorem 2.6 yields the desired conclusion. So suppose 
f is inorganic. Lemma 2.5 gives us a point a E S’ such that f-‘(a) = {a}. Define 
P: Z + S’ (I = [0, 11) by P(x) = ei(2nxts) where 8 is such that a = e”. Then P is 
one-to-one on the interior of Z and P(0) = P( 1) = a. Also define F: Z + Z by 
( 
0, if x = 0, 
F(x) = P-‘(f(P(x))), if XE (0, l), 
1, if x=1. 
Then F is well defined, continuous, onto, and has finitely many turning points. 
We next show that (Z, F) is indecomposable. Define P : (Z, F) + (S’, f) by 
Z%‘, x1 2 x2,. . .)) = (P(xO), P(xl), . . .). @ is well defined since P(x,) E S’ for all i 
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and the diagram 
F 
I-I 
pl ip 
s’ - s’ 
commutes. Also the diagram 
(4 F) - p (S’,f) 
=n 
i I =” 
I -s’ 
P 
commutes since 7r,(B(x)) = 7r,((P(xJ, P(xl), . . 
A 
.)) = P(x,) = P(7r,(x)). P is con- 
tinuous so subcontinua of (I, F) map to subcontinua of (S’,f) under fi 
Suppose (1, F) is decomposable. Then there are proper subcontinua K, L of (1, 
F) such that K u L= (I, F). Then P(K) u g(L) = (S’,f). Since (S’,f) is indecom- 
posable we may assume @(K)=(S’,f). Then r,(P(K))=S’ so n,,(K) misses at 
most one endpoint of I. But v,,(K) is compact and therefore closed. Thus r,,(K) = I. 
Then K = (I, F), contradicting our original assumption. Thus (I, F) is indecompos- 
able. It follows from [l, Theorem lo], that F” has points of period 2 and 3 so f 
has points of period 2n and 3n. 0 
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